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Abstract
By considering a spacetime with a spiral dislocation, we analyse the behaviour of the Dirac
field subject to a hard-wall confining potential. In search of relativistic bound states solutions,
we discuss the influence of the topology of the spiral dislocation spacetime on the energy levels.
Further, we analyse the effects of rotation on the Dirac field in the spiral dislocation spacetime.
We show that both rotation and the topology of the spacetime impose a restriction on the values
of the radial coordinate. Thus, we analyse the effects of rotation and the topology of the spiral
dislocation spacetime on the Dirac field subject to a hard-wall confining potential by searching for
relativistic bound states solutions.
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I. INTRODUCTION
In recent decades, topological defect spacetimes have brought a great interest in quantum
field theory and gravitation. Interesting points have been raised with respect to quantum
effects in different scenarios. These quantum effects are associated with the influence of a
topological defect spacetime, for instance, on the geometric quantum phase [1] or on the
spectrum of energy of bound states [2]. Since then, a great deal of work has dealt with
topological defects in spacetime [3–46]. Another point of view was shown in Refs. [47,
48], where topological defects in solids can be described by the Riemann-Cartan geometry.
Thereby, these defects in solids become described by the spacial part of the line element of
a topological defect spacetime [49, 50]. In the perspective of searching for analogue effects
of the Aharonov-Bohm effect [51, 52], several works have shown the possibility of finding
them in solids [53–55].
Besides, quantum systems in topological defect spacetimes have been investigated in the
presence of a uniformly rotating frame [56–61]. These works have dealt with rotation in the
spacetime based on the discussion raised by Landau and Lifshitz [62]. In short, Landau and
Lifshitz showed that the Minkowski spacetime has a singular behaviour at larges distances in
a uniformly rotating frame. This can be viewed by performing a coordinate transformation
ϕ → ϕ + ω t, where ω is the constant angular velocity of the rotating frame. In this way,
since the line element of the Minkowski spacetime in cylindrical coordinates is given by
ds2 = −c2 dt2 + dr2 + r2 dϕ2 + dz2, then, with ϕ→ ϕ+ ω t, we have
ds2 = −c2
(
1− ω
2 r2
c2
)
dt2 + 2ω r2 dϕ dt+ dr2 + r2 dϕ2 + dz2. (1)
Hence, we can see in the line element (1) that the radial coordinate becomes restricted to
the values:
0 < r <
c
ω
. (2)
The meaning of this restriction is that if r ≥ c
ω
the line element (1) becomes positive,
therefore, it is not admissible. Thereby, the particle would have a velocity greater than the
velocity of light if r ≥ c
ω
. At present days, effects of rotation on a Dirac particle have been
investigated in the Minkowski spacetime in Refs. [63–65]. In the cosmic string spacetime,
rotating effects have been investigated in Refs. [57–61].
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In this work, we analyse the influence of the topology of a spacetime with a spiral dis-
location on the Dirac field. We deal with the Dirac field subject to a hard-wall confining
potential in the spiral dislocation spacetime. Further, we analyse rotating effects on the
Dirac particle in the spiral dislocation spacetime. In both cases, we focus on particular
cases where a discrete spectrum of energy can be obtained.
The structure of this paper is: in section II, we introduce the line element of the spiral
dislocation spacetime. Then, we confine the Dirac particle to a hard-wall confining potential
and analyse the effects of the topology of the spacetime on the relativistic energy levels; in
section III, we analyse the effects of rotation and topology on the Dirac particle by confining
it to a hard-wall confining potential; in section IV, we present our conclusions.
II. SPACETIME WITH A SPIRAL DISLOCATION
In this section, we analyse a Dirac particle subject to a hard-wall confining potential in
spacetime with a spiral dislocation [7, 50, 56]. The spacial part of this linear topological
defect spacetime corresponds to the distortion of a circle into a spiral. We shall use the units
~ = 1 and c = 1, therefore, the spiral dislocation spacetime is described the line element
[7, 50, 66]:
ds2 = −dt2 + dr2 + 2β dr dϕ+ (β2 + r2) dϕ2 + dz2, (3)
where the constant β is the parameter related to the distortion of the topological defect.
With the purpose of analysing the Dirac particle in the spiral dislocation spacetime, it is
convenient to deal with spinors in curved spacetime background as discussed in Ref. [67].
Hence, spinors are defined in the local reference frame of the observers via a non-coordinate
basis θˆa = eaµ (x) dx
µ. The indices a, b, c = 0, 1, 2, 3 indicate the local reference frame. The
components eaµ (x) are called tetrads and satisfy the relation [67–69]:
gµν (x) = e
a
µ (x) e
b
ν (x) ηab. (4)
Note that ηab = diag(−+++) is the Minkowski tensor. Besides, the tetrads have an inverse,
where we can define it by dxµ = eµa (x) θˆ
a. They are related through eaµ (x) e
µ
b (x) = δ
a
b
and eµa (x) e
a
ν (x) = δ
µ
ν . With these definitions, we can write the tetrads and the inverse
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as [7]
eaµ (x) =

1 0 0 0
0 1 β 0
0 0 r 0
0 0 0 1
 ; eµa (x) =

1 0 0 0
0 1 −β
r
0
0 0 1
r
0
0 0 0 1
 (5)
This choice of the tetrads allows us to solve the Maurer-Cartan structure equations [69]:
T a = dθˆa + ωab ∧ θˆb. The operator d corresponds to the exterior derivative and the symbol
∧ means the wedge product. Moreover, T a = T aµν dxµ ∧ dxν corresponds to the torsion
2-form, while ωab = ω
a
µ b (x) dx
µ corresponds to the connection 1-form. Then, by solving
the Maurer-Cartan structure equations, we have [7]
T 1 = 2π β δ (r) δ (ϕ) dr ∧ dϕ; ω 2ϕ 1 (x) = −ω 1ϕ 2 (x) = 1. (6)
In curved spacetime background and in the presence of torsion, the Dirac equation is
written in terms of the covariant derivative, which in turn is defined as [7, 70]:
∇˜µ = ∂µ + i
4
ωµab (x) Σ
ab +
i
4
Kµab (x) Σ
ab. (7)
The term Γµ =
i
4
ωµab (x) Σ
ab is the spinorial connection [67, 69] and Σab = i
2
[
γa, γb
]
. The
γa matrices are defined in the local reference frame. They correspond to the standard Dirac
matrices in the Minkowski spacetime [71]:
γ0 = βˆ =
 1 0
0 −1
 ; γi = βˆ αˆi =
 0 σi
−σi 0
 ; Σi =
 σi 0
0 σi
 . (8)
Note that ~Σ is the spin vector. Furthermore, the matrices σi correspond to the Pauli
matrices, and thus, satisfy the relation (σi σj + σj σi) = 2 ηij. The indices (i, j, k = 1, 2, 3)
indicate the spatial indices of the local reference frame. We should observe that the last
term of Eq. (7) is defined in terms of the object Kµab (x), which is related to the contortion
tensor by [70]
Kµab (x) = Kβνµ (x)
[
eνa (x) e
β
b (x)− eνb (x) eβa (x)
]
. (9)
The contortion tensor, in turn, is related to the torsion tensor via
Kβνµ =
1
2
(
T βνµ − T βν µ − T βµ ν
)
. (10)
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By following Ref. [70], the torsion tensor is antisymmetric in the last two indices, while
the contortion tensor is antisymmetric in the first two indices. In this way, we can rewrite
the torsion tensor in terms of three irreducible components:
Tµ = T
β
µβ ; S
α = ǫαβνµ Tβνµ, (11)
and in the tensor qβνµ that satisfies the conditions: q
β
µβ = 0 and ǫ
αβνµ qβνµ = 0. Thus, the
torsion tensor becomes: Tαβµ =
1
3
(Tβ gαµ (x)− Tµ gαβ (x))− 16ǫαβµν Sν + qαβµ.
As shown in Ref. [7], by taking the tetrads (5) and the torsion 2-form (6), we obtain that
the only non-null component of the irreducible components of the torsion tensor is
Tϕ = T
r
ϕ r = −T rr ϕ = −2π χ δ (r) δ (ϕ) . (12)
This is a component of the trace four-vector Tµ. An interesting point raised by Ref. [70]
is that the trace four-vector Tµ and the tensor qβνµ decouples with fermions. On the other
hand, the axial four-vector Sα couples with fermions. Therefore, as discussed in Refs. [7, 70],
the trace four-vector Tµ is introduced into the Dirac equation through a nonminimal coupling
given by:
iγµ∇µ → iγµ∇µ + ν γµ Tµ, (13)
where ν is an arbitrary nonminimal coupling parameter (dimensionless) and ∇µ = ∂µ +
i
4
ωµab (x) Σ
ab. By using the tetrads field (5), the Dirac equation becomes
mψ = iγ0
∂ψ
∂t
+ iγ1
(
∂
∂ r
+
1
2r
)
ψ + i
γ2
r
(
∂
∂ϕ
− β ∂
∂ r
− iν Tϕ
)
ψ + iγ3
∂ψ
∂z
. (14)
Note that, for r 6= 0, the contribution to the Dirac equation associated with Tµ vanishes.
In this way, for r 6= 0, the Dirac equation (14) becomes
i
∂ψ
∂t
= mβˆψ − iαˆ1
(
∂
∂ r
+
1
2r
)
ψ − i αˆ
2
r
(
∂
∂ϕ
− β ∂
∂ r
)
ψ − iαˆ3∂ψ
∂z
. (15)
The solution to the Dirac equation (15) can be given in the form:
ψ = e−iEt
 φ
ξ
 , (16)
where φ = φ (r, ϕ, z) and ξ = ξ (r, ϕ, z) are two-spinors. By substituting (16) into the Dirac
equation (15), we obtain two coupled equations of φ and χ. The first coupled equation is
(E −m)φ =
[
−iσ1 ∂
∂r
− iσ
1
2r
+ i
β σ2
r
∂
∂r
− iσ
2
r
∂
∂ϕ
− iσ3 ∂
∂z
]
ξ, (17)
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while the second coupled equation is
(E +m) ξ =
[
−iσ1 ∂
∂r
− iσ
1
2r
+ i
β σ2
r
∂
∂r
− iσ
2
r
∂
∂ϕ
− iσ3 ∂
∂z
]
φ. (18)
Then, by eliminating ξ in Eq. (18) and by substituting it into Eq. (17), we obtain the
following second-order differential equation:(E2 −m2)φ = − [1 + β2
r2
]
∂2φ
∂r2
−
[
1
r
− β
2
r3
]
∂φ
∂r
− 1
r2
∂2φ
∂ϕ2
+
iσ3
r2
∂φ
∂ϕ
+
1
4r2
φ
(19)
− iβ σ
3
r2
∂φ
∂r
+
iβ σ3
2r3
φ− β
r3
∂φ
∂ϕ
+
2β
r2
∂2φ
∂ϕ∂r
− ∂
2φ
∂z2
.
Observe that the solution to Eq. (19) can be written in terms of the eigenvalues of
the z-component of the total angular momentum and the linear momentum operators:
φ (r, ϕ, z) = ei(l+1/2)ϕ+ikz u (r), where k is a constant and l = 0,±1,±2,±3,±4 . . .. Be-
sides, we have that σ3φ = ±φ = sφ. Henceforth, let us take k = 0. Then, by substituting
this solution into Eq. (19), we obtain the following radial equation:(
1 +
β2
r2
)
u′′ +
(
1
r
− β
2
r3
− i2β ζ
r2
)
u′ − ζ
2
r2
u+ i
β ζ
r3
u+ τ 2 u = 0, (20)
where we have defined the parameters:
ζ = l +
1
2
(1− s) ; τ 2 = E2 −m2. (21)
In search of a solution to the radial equation (20), let us write [56, 66]:
u (r) = exp
(
i ζ tan−1
(
r
β
))
× f (r) , (22)
where f (r) is an unknown function. Then, by substituting the radial wave function (22)
into Eq. (20), we obtain(
1 +
β2
r2
)
f ′′ +
(
1
r
− β
2
r3
)
f ′ − ζ
2
(r2 + β2)
f + τ 2 f = 0. (23)
Further, let us define x = τ
√
r2 + β2, and thus, we can rewrite Eq. (23) in the form:
f ′′ +
1
x
f ′ − ζ
2
x2
f +
1
4
f = 0. (24)
Hence, Eq. (24) corresponds to the Bessel equation [72, 73]. Its general solution is given
by
f (x) = AJ|ζ| (x) +BN|ζ| (x) , (25)
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where J|ζ| (x) and N|ζ| (x) are the Bessel functions of first and second kinds [72, 73]. A
regular solution at the origin is obtained by taking B = 0 in Eq. (25), because the function
N|ζ| (x) diverges at the origin. Then, the solution to Eq. (24) becomes
f (x) = AJ|ζ| (x) , (26)
where A is a constant. In the following, let us consider the Dirac particle to be confined to
a hard-wall confining potential. This confinement imposes that the wave function vanishes
at a fixed value of the radial coordinate r0. Therefore, the function f (x) must vanish when
x→ x0 = τ
√
r20 + β
2:
f (x0) = 0. (27)
Let us also assume that x0 ≫ 1. In this way, we have [72, 73]:
J|ζ| (x0)→
√
2
π x0
cos
(
x0 − |ζ | π
2
− π
4
)
. (28)
Therefore, by substituting Eqs. (28) and (26) into Eq. (27), we obtain
En, l, s ≈ ±
√
m2 +
π2
(r20 + β
2)
[
n +
|ζ |
2
+
3
4
]2
, (29)
where n = 0, 1, 2, . . . is the quantum number related to the radial modes.
Hence, the relativistic energy levels given in Eq. (29) are achieved when the Dirac particle
is confined to a hard-wall confining potential in the spiral dislocation spacetime. The effects
that stem from the topology of the spacetime is given by the presence of the effective radius
ρ0 =
√
r20 + β
2. Besides, there is no analogue of the Aharonov-Bohm effect for bound states
[52]. As shown in Ref. [4], this effect is determined by a shift in the angular momentum
quantum number yielded by the topology of the spacetime. In the present case, the angular
momentum is given by ζ = l + 1
2
(1− s), i.e., it remains unchanged under the influence of
the topology of the spiral dislocation spacetime. Moreover, if we take β = 0, we obtain the
relativistic energy levels for a Dirac particle confined to a hard-wall confining potential in
the Minkowski spacetime.
Finally, let us discuss the non-relativistic limit of the spectrum of energy (29). By apply-
ing the binomial expansion up to terms of order m−1, we thus obtain
En, l, s ≈ π
2
2m (r20 + β
2)
[
n +
|ζ |
2
+
3
4
]2
. (30)
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Therefore, we have in Eq. (30) the spectrum of energy of a non-relativistic Dirac particle
confined to a hard-wall confining potential in the presence of a spiral dislocation. Even in the
non-relativistic limit, the contribution to the energy levels that stems from the topology of
the defects is given by the effective radius ρ0 =
√
r20 + β
2. In the same way of the relativistic
case, there is no Aharonov-Bohm-type effect for bound states in the non-relativistic limit.
III. ROTATING REFERENCE FRAME
In this section, we shall consider a uniformly rotating frame, and thus, analyse the effects
associated with rotation and the topology of the spiral dislocation spacetime. Let us perform
a coordinate transformation given by: ϕ→ ϕ+ ω t. Thereby, the line element (3) becomes
[56]:
ds2 = − (1− ω2 β2 − ω2 r2) dt2 + 2β ω dr dt+ 2ω (β2 + r2) dϕ dt
(31)
+ dr2 + 2β dr dϕ+
(
β2 + r2
)
dϕ2 + dz2.
As shown in Ref. [62] in the Minkowski spacetime, in a uniformly rotating frame, the
line element is not well-defined for large distances. In the present case, the line element (31)
shows us the same behaviour. From Eq. (31), the radial coordinate is restricted by range:
0 ≤ r <
√
1− β2ω2
ω
. (32)
Hence, the restriction on the radial coordinate is determined by the angular velocity and the
parameter associated with torsion in the spacetime. Therefore, if r ≥
√
1−β2ω2
ω
, we would
have the particle to be placed outside of the light-cone. Note that we recover the Minkowski
spacetime case discussed in Ref. [62] by taking β = 0.
Since, we want to analyse topological and rotating effects on the Dirac particle in the
spiral dislocation spacetime, let us define the tetrads and its inverse as follows:
eaµ (x) =

1 0 0 0
ωβ 1 β 0
ω r 0 r 0
0 0 0 1
 ; eµa (x) =

1 0 0 0
0 1 −β
r
0
−ω 0 1
r
0
0 0 0 1
 . (33)
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Thus, by solving the Maurer-Cartan structure equations [69], we have
T 1 = 2π β δ (ρ) δ (ϕ) dρ ∧ dϕ;
ω 2ϕ 1 (x) = −ω 1ϕ 2 (x) = 1; (34)
ω 2t 1 (x) = −ω 1t 2 (x) = ω.
Hence, by using (33) and (34), the Dirac equation becomes
i
∂ψ
∂t
= mβˆψ + iω
∂ψ
∂ϕ
− iαˆ1
(
∂
∂ r
+
1
2r
)
ψ − i αˆ
2
r
(
∂
∂ϕ
− β ∂
∂ r
)
ψ − iαˆ3∂ψ
∂z
, (35)
and thus, by following the steps from Eq. (16) to Eq. (21), we obtain(
1 +
β2
r2
)
u′′ +
(
1
r
− β
2
r3
− i2β ζ
r2
)
u′ − ζ
2
r2
u+ i
β ζ
r3
u+ θ2 u = 0, (36)
where
θ2 = [E + ω (l + 1/2)]2 −m2. (37)
Then, we can also follow the steps from Eq. (22) to Eq. (26) by defining y = θ
√
(r2 + β2).
Since the radial coordinate is restricted to the values defined in Eq. (32), hence, the radial
wave function must be normalized inside the physical region of the spacetime determined in
Eq. (32). Thereby, let us impose that the radial wave function vanishes when r →
√
1−ω2β2
ω
.
From this perspective, we can define r0 =
√
1−ω2β2
ω
, and thus, y0 = θ
√
r20 + β
2 = θ/ω.
Therefore, the boundary condition (27) becomes
f (y → y0 = θ/ω) = 0. (38)
By considering y0 ≫ 1, we can also use the relation (28). Thus, by following the steps from
(26) to Eq. (29), we obtain
En, l, s ≈ −ω (l + 1/2)±
√
m2 + π2ω2
[
n+
|ζ |
2
+
3
4
]2
, (39)
where n = 0, 1, 2, . . . is also the quantum number related to the radial modes.
Hence, the spectrum of energy (39) is the relativistic energy levels for a Dirac particle
confined to a hard-wall confining potential in the spiral dislocation spacetime under the
effects of rotation. In this case, since the physical region of the spacetime is defined in the
range 0 ≤ r <
√
1−β2ω2
ω
, therefore, the geometry of the spacetime has played the role of
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the hard-wall confining potential. Observe that there is no influence of the topology of the
spiral dislocation spacetime on the relativistic energy levels (39). Despite having effects of
the topology of the spacetime on the radial coordinate as shown in Eq. (32), there are
only the effects of rotation on the relativistic spectrum of energy (39). It is analogous to
the case of the Minkowski spacetime analysed in Ref. [63]. This behaviour has also been
seen for the scalar field in the spiral dislocation spacetime under the effects of rotation [56].
Furthermore, due to the effects of rotation, there is a contribution to the relativistic energy
levels that corresponds to the coupling between the angular velocity ω and the angular
momentum l given in the first term of Eq. (39). It corresponds to a Sagnac-type effect [74].
By comparing with the relativistic energy levels (29) obtained in the absence of rotation, we
can observe that the (total) angular momentum ζ = l+ 1
2
(1− s) remains unchanged under
the influence of rotation and topology of the spiral dislocation spacetime. Therefore, there
is no Aharonov-Bohm-type effect for bound states.
Finally, let us discuss the non-relativistic limit of the energy levels (39). By applying the
binomial expansion up to terms of order m−1 in Eq. (39), we have
En, l, s ≈ π
2ω2
2m
[
n+
|ζ |
2
+
3
4
]2
− ω (l + 1/2) . (40)
Then, the spectrum of energy (40) stems from the confinement of a non-relativistic Dirac
particle to a hard-wall confining potential in the spiral dislocation spacetime under the effects
of rotation. We can also observe in the non-relativistic case that there is no influence of
the topology of the spiral dislocation spacetime on the spectrum of energy. It is analogous
to the spectrum of energy in the absence of defect obtained in Ref. [63]. The effects of
rotation also yield the coupling between the angular velocity ω and the angular momentum
l given in the last term of Eq. (40). This coupling is known as the Page-Werner et al term
[74–76]. Besides, in contrast to the non-relativistic energy levels (30) obtained in the absence
of rotation, we have that the (total) angular momentum ζ = l + 1
2
(1− s) is not modified
by the rotation and the topology of the spiral dislocation spacetime. Therefore, there is no
Aharonov-Bohm-type effect for bound states.
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IV. CONCLUSIONS
We have started this work by introducing the line element of the spacetime with a spiral
dislocation. Then, we have investigated the topological effects on a Dirac particle confined
to a hard-wall confining potential in this spacetime background. We have obtained a discrete
spectrum of energy, where it is determined by an effective radius ρ0 =
√
r20 + β
2 that stems
from the effects of the topology of the spacetime. However, no contribution to the angular
momentum quantum number is yielded by the topology of the spacetime. In this sense,
there is no Aharonov-Bohm effect for bound states. Furthermore, we have analysed the
non-relativistic limit of the energy levels. We have also seen that the only contribution that
arises from the topological defect spacetime is given by the effective radius ρ0 =
√
r20 + β
2.
Then, since there is no contribution to the angular momentum quantum, no Aharonov-
Bohm-type effect for bound states exists.
We have gone further by analysing a Dirac particle confined to a hard-wall confining
potential in the spiral dislocation spacetime under the effects of rotation. We have seen
that the radial coordinate has a restriction on its values, which are determined in the range
0 ≤ r <
√
1−β2ω2
ω
. For this reason, we have imposed that the radial wave function vanishes
when r →
√
1−ω2β2
ω
. In this sense, the geometry of the spacetime has played the role of
the hard-wall confining potential. Thereby, we have obtained a discrete spectrum of energy.
However, despite having effects of the topology of the spacetime on the radial coordinate, we
have seem that there are only the effects of rotation on the relativistic spectrum of energy.
Therefore, the relativistic spectrum of energy is analogous to the case of the Minkowski
spacetime [63]. Besides, we have observed that the coupling between the angular velocity
ω and the angular momentum l. Hence, we have a Sagnac-type effect [74]. In the search
for Aharonov-Bohm-type effects for bound states, we have seen that the (total) angular
momentum ζ = l + 1
2
(1− s) is not modified by the effects of rotation and topology of the
spiral dislocation spacetime. Therefore, there is no Aharonov-Bohm-type effect for bound
states.
Finally, we have analysed the non-relativistic limit of the energy levels for a Dirac particle
confined to a hard-wall confining potential in the spiral dislocation spacetime under the
effects of rotation. We have seen no influence of the topology of the spiral dislocation
spacetime on the spectrum of energy. It is analogous to the spectrum of energy in the
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absence of defect obtained in Ref. [63]. On the other hand, the effects of rotation also yield
the coupling between the angular velocity ω and the angular momentum l, which is known
as the PageWerner et al term [74–76]. In search of Aharonov-Bohm-type effects for bound
states, we have observed no modification in the (total) angular momentum ζ = l+ 1
2
(1− s)
. Therefore, in this sense, there is no Aharonov-Bohm-type effect for bound states.
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